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INTRODUCTION 



Because of the very long coherence times, electronic 
states at the edge of a two-dimensional electron gas in the 
integer quantum Hall effect (IQHE) regim^f^ are ideal 
systems for designing of coherent electronics circuitry or 
to implement quantum information processing. In partic- 
ular, electronic versions of several optical interferometers 
have been realizecP*^ using continuous electron sources. 
Recently it was also shown that high frequency gate mod- 
ulation can realize single electron sources (SESs)^^^^, 
that allow one to inject in a controlled and coherent 
way single electrons and holes onto an edge state. Ex- 
ploiting the beam splitting technique via quantum point 
contact (QPC), the electronic wave packet produced by 
the SES could also be split, recombined, or coherently 
guided toward different paths, via the application of ex- 
ternal gate voltages^^ Altogether, SESs, QPCs, and 
electronic waveguides represent the necessary toolbox to- 
ward the realization of an electronic version of the numer- 
ous protocols developed in quantum optics^^. The only 
qualitative difference is in the measurement process, in 
that photons are usually absorbed by photodetectors and 
are studied in terms of n-photon coincidence correlation 
functions, whereas electrons are characterized by currents 
and higher-order momenta. In Ref. [16 this formal equiv- 
alence was used to characterize two-particle non-local ef- 
fects originating via collision and proper post-selection 
from two independent SESs whose output states were 
coherently mixed at a QPC. 

A full exploitation of the capabilities of quantum in- 
formation however requires the production and manipu- 
lation of entangled states. Several schemes to generate 
entangled states in multi-terminal mesoscopic conductors 
have been proposed so far (see [2j and references therein). 
The realization of the SE^ opens possibilities to real- 
ize entangled states. Here we exploit the coherence of 
time-resolved single-electron wave packets at the output 
of a single SES, operated in the weak tunneling regime 
to generate superpositions of an electron- hole (e-h) pair 



produced at different times. Differently from Ref. [16] 
our scheme does not rely on collisional mechanisms fol- 
lowed by post-selection: As a consequence, in our case 
the e-h pair emerges from the device in an entangled 
state without the need of any filtering processes. The re- 
sulting output closely reminds us of the bi-photon state 
produced by a down-conversion nonlinear crystal (see e.g. 
Ref. il8j) o r. more precisely, the entangled photon holes 
stateS^I^ produced via two-photon absorbing processes. 
It admits a representation in terms of time-bin entangle- 
menlPn^ whose two-particle correlations we characterize 
by performing current cross-correlation measurements at 
the output of a Franson interferometei^ (the latter being 
an interferometric setting which is specifically designed 
to detect coherence properties of sources emitting pairs 
of correlated particles). 

The paper is organized as follows. In Sec.|TI|we present 
the setup and describe in brief the basic idea of the pro- 



posal. The dynamics of the device is discussed in Sec. HI 



and in Sec. [IVlwe discuss deviation from the ideal case. 
Conclusions and remarks are given in Sec. (Vl 



II. THE SETUP 

We start with an intuitive description of the model 
whose validity will be checked later. As shown in Fig. [l] 
(c), the SES is described as a quantum dot whose energy 
levels are externally controlled via a time-dependent volt- 
age gate /7(t), and which is connected to an edge state 
of the IQHE effect at a filling factor u = 1 via a QPC 
characterized by a tunneling amplitude A which can be 
externally modulatecff^^. In this setup the linear dis- 
persion relation of the edge state close to the Fermi en- 
ergy gives rise to a constant velocity of propagation vp 
for the electronic wave packets: Consequently, a particle 
generated by the SES at the position x = of the edge 
will be found translated by an amount vpt after time t 
has elapsed. As in Refs. [24l and [H], we consider then 
an elementary driving sequence of duration 2r consisting 
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FIG. 1: (Color online) (a) Driving sequence of the dot level 
showing the first and the second time-bin. (b) Pictorial rep- 
resentation of the state of the system at first order in the tun- 
neling rate F. Here the red (gray) and blue (dark gray) dots 
represent, respectively, the electron and hole emitted from 
the SES, while the slots inside the brackets define the various 
time bins of the sequence, (c) Implementation of a Franson 
interferometer for an IQHE architecture at = 1. A quan- 
tum dot driven by a gate potential U{t) generates an e-h pair 
on the edge channel at position x = 0. The electron and 
hole propagate freeley until they reach the QPC driven by 
the time-dependent voltage V{t) that splits them and send 
the electron toward the right-hand MZl^ and the hole toward 
the left-hand one. The black elements are ohmic contacts to 
different reservoirs, all kept grounded. 



of two subsequent movements in which we first rapidly 
rise the dot energy level above the Fermi sea and keep 
it there for a time r, and then we rapidly lower it below 
the Fermi sea and keep it there for a time r. Assuming 
r to be much smaller than the dot escaping time 1/F 
(F cx A^), a pair of well- separated time-resolved electron 
and hole can be created on the edge channel with prob- 
ability (2Fr)^ <C 1, the electron being localized in the 
first half of the time-bin and the hole being localized in 
the second half (other processes in which no excitation or 
just a single excitation is emitted can be neglected since 
they do not contribute to the current cross-correlation 
measurements). This weak tunneling regime is crucial 
for the results we present and is actually oppo site to the 
one usually considered in other proposala^SE^ (to stress 
this fact from now on we will refer to our source as a 
weak tunneling SES, or wt-SES in brief). Still it is well 
within the reach of current experimental capabilities: For 
instance, considering that 1/F of the order of 10 ns can 
be achie ved while preserving the coherence of the pro- 
cesJI^^, the rising time of the dot energy level can be 
set to be of order of few ps, while r can be taken to be 



of the order of a fraction of ns. Notice also that during 
the driving we never leave the dot at resonance with the 
Fermi level for an extended period of time: As experi- 
mentally verified in Ref. [14 and [24 , this allows us to 
avoid the collateral generation of pairs induced by reso- 
nance effect between the Fermi level and the dot^^. 

Consider hence the case in which the dot is initially 
charged and the elementary driving sequence is repeated 
several times, say, twice, as depicted in Fig. [ija). In 
the weak tunneling regime the global state of the system 
[dot + one-dimensional (ID) line] at the lowest order in 
the tunneling amplitude A contains three contributions. 
First, we have an unperturbed component in which the 
dot is still charged and no excitations are produced in the 
ID channel (zero-order contribution in A). Then there is 
a contribution proportional to A in which the dot elec- 
tron has emerged from the dot but no holes have been 
subsequently produced by the driving sequence. Last, 
we have a term proportional to A'^ describing the case in 
which no charge is trapped in the dot and the ID line 
contains a delocalized e-h pair: As anticipated, this is 
the only component of the state which can contribute to 
the current cross correlations we perform at the output 
of the setup, the probability of the event being propor- 
tional to 1^41^ - see below. If the driving process is kept 
coherent, it is described as a coherent superposition of an 
e-h pair emitted in the first time bin, an e-h pair emitted 
in the second time bin and an e-h pair with the electron 
emitted in the first time bin and a hole emitted in the 
second time bin, - see Fig.jljb). We can hence represent 
it as the following vector: 

I*) OC |l,0)e|l,0)„ + |0,l)e|0,l)/. + |l,0)e|0,l)„, (1) 

where |l,0)e,/i is the state with one electron (hole) in 
the first time bin (first label in the ket) and none in the 
second time bin (second label in the ket), while |0, l)e,h is 
the state with no electron (hole) in the first time bin and 
one electron (hole) in the second time bin. We stress that 
1^) is only the second order contribution in the tunneling 
amplitude A to the real full state of the system, which we 
can use to evaluate the current cross correlations at the 
output of the device (in other words, it is the component 
of the full state that gets post-selected by our measuring 
apparatus). 

Equation ([T]) represents an entangled state of two 
qubits: For instance, it violates the Clauser-Horne- 
Shimony-Holt (CHSH) inequalit}^ up to 



(2) 



CHSH(^) = 2V13/3 ^ 2.404 , 



for suitable measurement^^. Specifically, identifying 
|1, 0) and |0, 1) with the eigenstates of the value in (2| 
is achieved by using the following set of local observables 



E« = K - 2(T,)/V5 , 



(3) 
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for the electronic part of Eq. ([T]) , and 

4'^ = (4(7, - 7a,)/V65 , 

4'^ = (a,+8a,)/V65 , (4) 

for the hole part. 

The time-bin entanglement of the state in Eq. ([T|) can 
be detected by means of a Franson interferometei^^. The 
two sub-systems (here, the electron and the hole) must 
be separated and sent to unbalanced Mach-Zehnder inter- 
ferometers (MZIs), at the output of which coincidences 
are recorded. Furthermore, on each side, single-qubit 
measurements can be implemented probabilistically by 
adapting the phase delays and the transmittivity of the 
second beam-splitter (BS) of the MZI. Therefore, in prin- 
ciple, in the Franson setup the value of CHSH or of any 
other entanglement witness can be measured. This is well 
known and we refer the reader to the optical implementa- 
tions for details^^. Here, we rather have to discuss how a 
Franson setup can be realized for our e-h pairs generator. 
The electron and the hole in each time bin are separated 
by means of a time-dependent QPC that acts as a switch, 
sending the electron and the hole, respectively, toward 
different MZIs, which are implemented along the lines of 
Ref. 0, as depicted in Fig. [l] This separation is a chal- 
lenging task: The potential V{t) of the QPC has to rise 
on a time scale equal or smaller to the inverse frequency 
of the gate potential U{t) on the dot, in such a way that 
the switch perfectly "cuts" the wave function. The differ- 
ence I between the long and the short path in each MZI 
is chosen equal to 2vft. On the one hand, this guaran- 
tees that no single-particle interference arises within the 
MZIs which then operate as effective, probabilistic (but 
coherent) delay lines. On the other hand, this allows us 
to align the time slot associated with the long path of 
a particle belonging to the first time bin with the time 
slot of the short path associated with second time bin. 
The current cross correlations are finally measured at the 
outputs of the setup, i.e., 

5CR,,L, = {5lR^{t')5lLM , (5) 

with SIai{t) = Iai{t) — {Iai{t))^ whcrc for a = L^R and 
z,j = 1,2, Iai{t) is the current operator at the ai port 
evaluated at time t, and where (• • • ) stands for the ex- 
pectation value on the initial state of the system (notice 
that different times t ^ t' have to be chosen since the 
electron and hole are time shifted within the same time 
bin). This allows to post-select the events we are inter- 
ested in, discarding single-particle currents. 

The transmittivities of the BSs can be engineered as 
in Ref. [3] and do not require special discussion. For the 
sake of simplicity, we first assume to fix them at 50% as in 
the original proposal by Franson^^: Indeed, this choice 
is sufficient to detect a signal which is sensitive to the 
superposition of Eq. ([T]) [instead to recover CIISII(^) one 
would need to adjust the transmittivities as detailed at 
the end of the section] . In order to have a phase difference 
between the two arms of a MZI, we invoke instead the 



Aharonov-Bohm (AB) effect. Accordingly, the statistics 
of the coincidence events will be sensitive to a non-local 
two-particle AB phas^^ that gives rise to interference 
fringes that can witness entanglement in the e-h pair. To 
see this, consider that each of the three input terms of 
Eq. ([T]) is mapped after the MZIs into the sum of four 
states. Out of the 12 total contributions, three will be 
indistinguishable when revealing the proper coincidence 
counts: The event where the e-h pair is generated in the 
first time-bin and both particles choose the long paths in 
the MZIs, i.e., 

|l,0)e|l,0),,^e^^--^^-|0,l)e|0,l),, + --- , (6) 

(here (fR^L are the AB phases computed with a gauge 
for which only particles traveling along the long arms of 
the MZIs acquire a phase, the difference in sign arising 
from the opposite charge for electron and the hole); the 
event where the e-h pair is generated in the second time 
bin and both the particles choose the short paths of the 
MZIs, i.e., 

|0,l)e|0,l),,^|0,l)e|0,l);, + -- - ; (7) 

finally, the event where the electron is generated in the 
first time bin, the hole in the second time bin and choose, 
respectively, the long and the short paths, i.e., 

|l,0)e|0,l)^^e^^^|0,l)e|0,l)^ + -- - . (8) 

Measuring then coincidence events in the second time- 
bin at the output of the MZIs (i.e., |0, l)e|0, l)/i) will 
then produce a signal which is sensitive to the coherent 
superposition of Eq. ([T]), i.e., 

^Cm,Li = -(r/4)2 |1 + e^^^ + ^i^L-i<fR\2 

The three terms correspond to the three vectors which 
compose Eq. ([T]) and display coherent oscillations. In 
particular, a dependence on a non-local two-particle AB 
phase appears as the difference of the AB phases of the 
left- and right-hand MZIs. 

A. Measuring CHSH correlations 

We analyze in more details how to use our Franson 
setting to measure the value of CIISII(^). We remind 
that to do so we need to perform local measurements on 
the two subsystems (electron and hole separately). As 
anticipated, this can be done in a probabilistic fashion by 
properly adjusting the transmittivities of the BS of the 
setup. Indeed, let us consider the effect of an asymmetric 
MZI, characterized by transmission ^/s and reflection 
amplitudes of the second BS, while keeping the first BS 
symmetric. Let us suppose also that the generic state 
of, say, the electron before the right-hand MZI can be 
written as \(j))in = <^|l,0)e + /3|0, l)e. By focusing on the 
second time bin at the outputs of the MZI, the electron 
will come out with an amplitude 

Si = -(ae^^^ - /3v^)/V2 , (10) 
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from the output 1 and with amphtude 

^2 = z(ae^^^ + /3V^)/V2 , (11) 

from output 2. Defining the rotated input qubit states 

|^+) = e-^^^v^|l,0)e + V^|0,l)e 

1^-) = e-^^-v^|l,0)e- V^|0,l)e (12) 

it fohows that {u-^\(j))i^ = —i\/2S2 and ('u_|0)in = 
— a/2/Si, and it becomes clear that in the second time- 
bin outputs one reads the results of the measurements of 
10) in on the eigenstates of 

(5 - r)G^ + 2Vsr(cos((/:?i?)cra, + ^\Vi{i^R)Gy) , (13) 

where the Pauli matrices are written in the basis |l,0)e 
and |0, l)e. The probability of success is 1/2, provided 
that |ap + = 1. According to this analysis we can 
hence realize the observables ([3| by taking = and 

50 = (1 + l/V^)/2, 51 = (1 - 2/V5)/2 for the MZI on 
the right-hand side of Fig. [l] and the observables Q by 
taking instead — ^ and = (1 — l/\f^)/2^ and 

51 = (1 + l/V^)/2 for the MZI on the left-hand side. 

III. MICROSCOPIC MODEL 

We now turn to a more quantitative model where 
the dynamics of the wt-SES is described via a time- 
dependent HamiltoniaiPS] of the form 

i/(t) =Sz)(t)c^td+^£fe4cfe+i7tun(t) , (14) 

k 

where d and Ck are, respectively, the Fermionic annihi- 
lation operators of the dot energy level and of the 1-D 
free-electron modes associated with the chiral IQHE edge 
channel at = 1, while i^tun(^) is the tunneling term. 
We take the dot energy ^^(t) as in Fig. [TJa) while, as- 
suming linear dispersion around the Fermi energy (set 
to zero), we write the energy levels of the Ck modes as 
£k = hvpk (nonlinear corrections being typically negli- 
gible in IQHE systems for small bias voltages). In the 
weak-coupling regime we consider a (time dependent) 
tunneling amplitude peaked around the resonance value 
koi^) = £D{t)/hvF associated with the instantaneous dot 
energy^^ within a bandwidth BW = hvp^k, i.e., 

Htnn{t)=A Yl {d^Ck^cld), (15) 

ke[kDit),Ak] 

and assume > Ak. The spread Ak is associated with 
the uncertainty in the emission position of the electron 
on the ID channel, taking into account the not perfect 



point-like coupling between the dot and the edge, allow- 
ing hence the tunneling hopping to extend over a range 
Ax c:^ 27r/A/c. A natural bound on Ax can be set as 
Ax < Rd^ where is the linear dimension of the quan- 
tum dot. The latter, however, is directly related with 
the dot energy- level spacing A = 2eD via the expression 
A (2tt / /2m'' , rri' being the effective mass of 
the electron (m* = 0.068 mo for GaAs heterostructures) . 
It follows a minimum bandwidth on order 



BWq = 2iihvF/RD = y 2m*v|.A . (16) 

To put some number we notice in the experiment of 
Ref. [14 one has A 4.4 K (A 0.36 meV). Choosing 
vf — 10^ m/s, we get BWq 0.2 meV. Therefore, we 
see that the validity of the condition k^ > Ak, ensured 
if BWo/A < BW/A < 1, can be satisfied. 

In the interaction picture with respect to free evolution 
of the system, the Hamiltonian becomes hence 

Hi = A/L^e^'^-W S ^Puo(t){-^Ft) + h.c. , (17) 
where 

1 /•* 

'PD(t) = -j dt'eoit') , (18) 
is the dot dynamical phase, Lc is the channel length, and 
^fe,(x) = ^ ^ e^'^Ck, (19) 

is the field operator in position space of an electron prop- 
agating with mean momentum k^- When applied to the 
Fermi sea, the operator ip^j^ (x) adds an electron above 
the Fermi sea only if k^ > {kp = 0). If the initial 
dot energy is negative, Sd < 0, the electronic field oper- 
ator (x), when applied to the Fermi sea, creates a 
hole of average momentum \k]j\. Field operators at po- 
sitions X and x' satisfy canonical anti-commutation rules 
if \x — x^\ ^ Ax, which amounts to a coarse graining 
of the position resolution. Due to the linearity of the 
channel dispersion, we have a one-to-one mapping be- 
tween position and time, which implies a coarse grain- 
ing in the time coordinate: Fields at times t and t -\- St, 
with 6t < 27r/{vFAk), are indistinguishable and the anti- 
commutation relations at times differing by St have to be 
understood as at equal time. 

Consider now the time evolution of the input state 
\1)d\Qf)^ where describe the charged state of the 
dot and \Qf) is the free Fermi- sea state of the edge. In 
the interaction picture the first correction that gives rise 
to nonzero current cross correlations at the output is de- 
scribed by the vector 
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(20) 



which exhibits an electron of momentum k]j{t") at time 
t" and a hole with momentum —koit') at time t' > t" . 
Assuming piece-wise constant k^^ sharp transitions, and 
neglecting transient effects, we can set /c^ > for < t < 
r and k^ <Oforr<t< 2r, as shown in Fig.jlja). Since 
the two consecutive time slots do not overlap, one can 
create a state with the electron localized within 1/2 < 
X < £ and a hole localized within < x < £/2 (here 
i = 2vft). Defining thus the electron and hole field 

operators V^e(^) = = ^l)-kDi.^)i we can 

write the above vector after time t = 4r as 

1^)=-— / dXidX2(t)^^\xi,X2)^l^i{xi)lljl{x2)\QF). 

vf J 

(21) 

with the escaping rate T = A^Lc/h^vp and the e-h wave 
function 

(t)^'^\xi,X2) = Step(xi,X2) + e"^^^^Step(xi +^,X2) 
+e-^^^^Step(xi + X2 + ^) , (22) 

expressed in terms of the Heaviside distribution 6{x) 
through the identity 

Step(xi,X2) = e^^^(^^+^2)6>(xi +^)(9(-xi -^/2) 

xO{-X2)0{x2^i/2) . (23) 

This is the second quantization representation of the 
state of Eq. ([T]) which defines, in the interaction pic- 
ture, the electron-hole distribution on the 1-D channel 
that connects the dot with the time-dependent QCP. 
The propagation through the latter can then be de- 
scribed in the Landauer-Biittiker formalism^^ by intro- 
ducing a time-dependent transmission amplitude toward 
the right-hand MZI, Si^(t), and refiection amplitude to- 
ward the left-hand MZI, ^^(t), with \sl\'^ ^ \sr\'^ = 1, 
Re s'Isr = 0. We assume sharp transitions and neglect 
transient effects, such that the QPC is totally transmit- 
ting during the first half of the time bin and it is totally 
refiecting during the second half of the time bin (i.e., 
\sR{t)sL{t^T)\ = 1). For a = i?, L and j = 1,2, the field 
at the aj output of the setup can then be expressed as 

llja^{x,t) = i^~^Sa{t)[tlj{x -Vpt) 

+ {-y-^e'''-^{x^£-VFt)]/2, (24) 

where (fa the AB phases and where ip{x — vpt) is the 
drifting full free field operator 



) = -^^e^^^c,. 



(25) 



of the channel that connects the dot with the time- 
dependent QCP which, neglecting the Fermi-sea con- 
tribution, in our case can be approximated as il){x) ^ 

?/^e(^) + '^i(^)- The correlation SCr^^Li of Eq. ^ is then 
computed by observing that the current density opera- 
tor at position x in the ID channel associated with the 
output port aj can be expressed as 



/c, . (X, t) = Vp^i. {X, t)^l)a. (X, t) . 



(26) 



Setting Xe = X — vpt^ = x^ — vpT to compensate 
for the time shift between the electron and the hole, the 
resulting expression for the cross-correlator results in 



5C 



Ri ,Li 
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a, 6=0,1 



(27) 



in terms of the Green's function Q{x,y) = 
{'tp^x,t)'tp{y,t)), which at the lowest order in T 



+ {^\^pHxemyh)\eF) ■ 



(28) 



Choosing then kD£ = 27r and measuring the currents 
at the central peak —3/2 < Xe/£ < —1 one finally 
gets Eq. (|9|. 



IV. NON IDEAL CASE 

Until now we have considered an ideal situation of 
a linear dispersion channel, a zero-temperature working 
regime, and no dephasing process has been taken into ac- 
count. Quadratic deviation from a linear dispersion im- 
plies that each k state propagates at his own speed, yield- 
ing a spread of the wave function. Typically, electron-like 
states with energy above the Fermi energy propagate 
slightly faster than hole-like states with energy below 
the Fermi energy. Consequently, the time bin becomes 
smeared and adjacent time bins develop an overlap as the 
electron-hole pair propagates along the channel, making 
the synchronization of the electron and hole more diffi- 
cult. 



After the state Eq. (21) has been produced at position 
X = 0, it propagates into the channel and interaction with 
the environment reduces the degree of time-bin entangle- 
ment of the electron-hole pair. Typically, in the IQHE 
the single-particle coherence length has been proved to 
be very long, on the scale of hundreds of micrometers. 
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For dc-biased MZI interferometers a direct measurement 
of the single-particle coherence length has been reported 
in Ref. [7 by monitoring the decrease of the visibil- 
ity of single-particle Aharonov-Bohm oscillation in MZIs 
of different sizes. An observed 1/T dependence versus 
the temperature has been attributed to thermal noise 
of the dissipative part of the finite frequency coupling 
impedance between the environment and the reservoirs. 
Short- and long-range interactions as well as curvature 
of the fermion dispersion have been ruled out due to an 
expected different dependence on temperature. As far 
as two-particle processes are concerned, an experimental 
measurement of two-particle Aharonov-Bohm phase has 
been performed by Neder et al. [4] , where a visibility on 
order of 70% for a dc-biased case has been reported. 

In the case that we consider, the electronic reservoirs 
are kept at the same bias and the non-equilibrium na- 
ture of the excitation is entirely due to the dot driving. 
At the moment no experimental test of single- or two- 
particle interferometry with SESs or wt-SESs has been 
reported to our knowledge. On the other hand, a theo- 
retical study has shown that, for a single-electron wave 
packet injected in chiral Luttinger liquid, the deforma- 
tion of the wavepacket due to electron-electron interac- 
tion can be partly undone by a suitable voltage pulse [31], 
whereas in a real device a capacitive Coulomb interaction 
may add dissipation into the system ^32j . 



V. CONCLUSIONS 



By operating a SES in the weak tunneling regime, 
we have proposed a scheme to generate a time-bin 
entangled state of an e-h pair which can be detected via 
current cross-correlation measurements at the output of 
a Franson interferometer. Within the range of validity 
of our approximations the only higher-order excitations 
produced in a two time-bin cycle are |1, l)e|l, 0)/^ and 
|l,l)e|l,l)^, which are clearly discriminable since they 
bring about a different charge (hence, by monitoring 
all the four outputs of the Franson interferometer, it 
is possible, in principle, to discard their contribution). 
Transient effects, together with all higher-order terms, 
also contribute to the shape of the electron-hole wave 
function, which within our first-order approximation 
only amounts to a phase, resulting in a delocalization 
of the electron and hole in the two time bins and a 
degradation of the signal. 
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